Some elementary Sturm theory  by Leighton, Walter
JOURNAL OF DIFFERENTIAL EQUATIONS 4, 187-193 (1968) 
Some Elementary Sturm Theory 
WALTER LEIGHTON* 
University ofMissouri 
Columbia, Missouri 
Received May 8, 1967 
The purpose of this paper is to provide several e ementary oscillation 
theorems for solutions f elf-adjoint second-order linear differential equa- 
tions. The simplest Strum comparison theorem deals with nonnull solutions 
Z(X) and y(x) of two systems 
2 + PI(X) .zf = 0, Y” -t- PWY = 0, 
z(a) = 0, r(a) = 0, 
(1) 
where p&x) and p(x) are continuous, with p(x) 2 P&C), on a closed interval 
[a, ZJ]. The theorem states that if Z(X) has a second zero at x = c1 , then 
y(x) has a zero x = c on the interval (a, cd. Further, c < c, unless pr= p. 
It is natural toask if the first zero of y’(x) necessarily also precedes the 
first zero of z’(x). The following theorem provides a general ffirmative 
answer to this question. 
THEOREM 1. Let rl(x), pi(x), Y(X), ad p(x) be continuous functions u  the 
closed interoal [a, b], with TV and r(x) Positiwe there. Ifz(x) is a nonnull 
solution of the system 
[m z’l’ + PI(X) 2 = 0, 
z(u) = z’(c) = 0, 
where z’(x) # 0 (a ,< x < c), and if 
I 1 [(Q - r)z” + (P - PJ ~“3 dx 2 0, 
a nonnull solution of the system 
EN Y’l’ + P(X) Y = 0, 
Y(4 = 0, 
(2) 
* This will acknowledge the partial support of the author by the U. S. Army 
Research Office (Durham) under Grant numbered DA-ARO(D)-31-124-G-6. 
187 
188 LEIGHTON 
has the property hat y’(E) = 0 f or some point x = [ on (a, c], with 6 = c 
only if the two d$ferentiaL equations areidentical. 
To prove this theorem we employ the Picone formula 
jl [(rl - rj .z’~ + (p - p,) zz] d.y J- jc r 
n 
= [; (r,yz’ - ryk)]: . 
[ 
y2’ - y’z ---- 
3 
- 2dx I 
(3) 
We may clearly suppose that y(x) # 0 on the interval [a, c]; otherwise the 
proof of the theorem is immediate. Further, Iim,,,(z/y) is readily seen to 
be finite. From (3) we have then that 
jc [(r]. - r) ~‘2 + (p - p,) z”] dx -t j” r [ yz’ ; y’“] 2 dx 
II a 
= z”(c) -r(c) -y(c) Y’(C)* 
We may suppose without loss of generality that y’(a) and ~‘(a) are positive. 
It then follows from (4) that y’(c) < 0 unless rr = r and pr = p. In the 
latter case, of course, y’(c) = 0, and y(x) = k(x), where K is a constant. 
The proof is complete. 
COROLLARY. Condition (2) may be replaced by the condition 
We continue with the following separation theorem. 
THEOREM 2. Let Y(X) and p(x) be positiwe and continuous n the inter& 
[a, b]. If the deriwatiwe y’(x) of c2 solution y(x) of the equation 
WY’1 + P(4Y = 0 (6) 
has consecutive zeros at x = c1 and x = c2 , the deriwutive of a solution yI(x) 
of (6) that is linearly independent of y(x) has the property hat 
Y;(c) = 0 (Cl < c < 4. 
To prove Theorem 2we substitute 
2 = ry’ 
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in (6). It follows that zsatisfies th  elf-adjoint differential equ tion 
[,t, 1 
I 1 
-z’ +- z = 0. 
x y(x) 
An application of the Sturm separation theorem to (7) completes the proof. 
The next result isa comparison theorem. 
THEOREM 3. Let yl(x), p,(x), r(x), and p(x) be positive and continuous on 
the interval [a, b]. If the derivative z’(x) of a solution z(x) of the equation 
[y1(x) 4’ + PI(X) z = 0 (8) 
has consecutive zeros atx = c1 and x = c2 (a < c1 < c2 < b), and if(5) holds, 
the derivative y’(x) of a nonnull solution y(x) of the system 
[WY’I’ + P(X)Y = 0 
Y’(5) = 0 
(9) 
will have a zero on the interval (cl ,cz]. 
The substitutions 
Wl = q(x) 2 and w = Y(X)Y 
in (8) and (9), respectively, yieldthe equations 
1 
[PO 1 
-w;‘+& 
1x 
W1 = 0, 
1 
[--& wj' + +) w = 0. (10) 
We may apply the Sturm-Picone comparison theorem to equations (10) 
noting that it follows from conditions (5)that 
1 1 1 1 --- 
p(x) G pl(x) and Y(X) 3 rl(x) - 
The proof of the theorem is complete. 
We observe that unless Ye = Y(X) and p,(x) = p(x), the zero f y’(x) 
occurs on the open interval (cl ,cs). 
Suppose p(x) is an increasing function the interval [a, b] and that a
nonnull solution y(x) of the equation 
Y" +pwr =o 
has consecutive zeros at x = a and x = b. The derivative y’(x) then has 
precisely onezero at some point x = c between aand b. The Sturm com- 
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parison theorem suggests hat cshould be to the right of the midpoint of 
the interval. Thetheorem that follows validates his uggestion. 
THEOREM 4. Suppose p(a) is positive andcontinuous n [a, b], and let y(x) 
be a solution of the differential equ tion 
y” + my = 0 (11) 
having consecutive zeros at x = a and x = b. If p(x) is a strictly increasing 
function [a, b], the unique zero f y’(x) on (a, b) occuls ata point x = c 
such that 
a+b c>-. 
2 (12) 
If p(x) is strictly decreasing, the inequality in (12) is reve+sed. 
To prove the theorem we may, without loss of generality, suppose that 
y(x) is the solution f(11) defined bythe conditions y(a) = 0, y’(c) = 1. 
Consider next he solution z(x) of the system 
2? + PI(X) 2 = 0, 
z(u) = 0, (13) 
z’(c) = 1, 
where 
p1(x) = I;;;! - x) 
(a < x < c) 
(c < x < b). 
That is, p&) on the interval (c, b) is the reflection in the line x = c of p(x) 
on the interval (a, c). The solution z(x) defined above will be identical with 
y(x) on the interval [a, c] and will be symmetric nthe line x = c. We can 
clearly extend the interval [a, b] of definition of p(x) and pr(x) in the usual 
way, if required, so that z(2c - a) = 0. 
Sturm’s comparison theorem applied to(11) and (13) yields 
k-a>>, 
and the first atement of the theorem is proved. The last follows atonce 
mutatis mutandk 
It is clear that he condition that p(x) be strictly increasing canbe replaced 
by the condition that p(x) be monotone increasing butnot constant. 
We continue with the following result. 
THEQREM 5. Let Ye, Y(S), p&z), p(x) be codmow with Y&T) mrd r(z) 
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positive on an interval [a, b]. If (2) holds (or, of course, if (5) hoIds) and if a 
solution z(x) of the system 
[y&) .‘I’ + p&4 2 = 0, 
2(c) = 1, 
z’(c) = 0 
has the property hat z(cJ = 0 (c < cl < b), a solution y(x) of the system 
[y(x) Y’l’ + P(X) Y = 09 
Y(C) = 1, 
y’(c) = 0 
will have azero n the open inte-rval (c, c ) unless Ye = Y(X) andp,(x) G p(x). 
A proof of Theorem 5 can be given along the lines of the proof of 
Theorem 4. We sketch it here. Let c be a point of (a, b). Redefine p(x) on 
[a, c) so as to be continuous at x = c but increasing sufficiently rapidly as
x -+ a so as to insure that Z(X) has a zero n (a, c). But y(x) will have the 
same zero; in fact y(x) = z(x) on (a, c]. By the Sturm-Picone comparison 
the next larger zero f y(x) must precede that of z(x) and the theorem is 
proved. 
A proof of this theorem using the Picone formula is also possible, butit 
is less geometric. 
We conclude with the following somewhat more difficult result. It is a 
generalization of theSturm comparison theorem that does not require the 
difference p(x) - pr(x) in (1) to be of one sign. 
THEOREM 6. Let q(x) be a continuous f nction that is positive, monotone 
increasing butnot constant on an interval [-a, a] and suppose that the 
differential equ tion 
2” + q(x) 2 = 0 
has a solution z(x) with consecutive zeros at x = -a and x = a. If p(x) is a 
continuous function such that he difference d(x)= p(x) - q(x) has the property 
that both 
4.4 3 0, 
d(x) > -d(-x), 
(14) 
on the interval (0 < x < a), a so2ution y(x) of the system 
Y” +P(x)Y = 0, 
y(-a) = 0 
has a zero n the (open) interval (-a, a). 
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Further, ;fq(x) is a monotone decreasing nonconstant function the interval 
[-a, a], and if the d@erence d(x) = p(x) - q(x) has the property that both 
44 2 0, 
d(x) 3 -d(-x), 
on the interval (-a < x < 0), the same conclusion s valid. 
It is clear that he Sturm conditionp(x) - q(x) > 0 (--a ,< x < a) causes 
condition (14) to be satisfied trivially. 
We may without loss of generality confine our attention t  the proof of 
the first half of the theorem. 
We employ the Picone formula (3) with Ye = r(x) = 1, @r(x) = q(x), 
and observe that it is valid on any subinterval of [-a, a] in which y # 0, 
It is valid also if both solutions y and z vanish at one or both endpoints of
the subinterval. 
First, wemay assume without loss of generality that z(x) > 0 on (-a, a). 
We observe that it follows from Theorem 4 that z(x), and hence z?(x), has 
a single maximum point hat is assumed at a point x = x0 > 0. Next, we 
show that z(c) > x(-c) for each value of c on the interval (0, a). To see 
this, define zl(x) as the solution on [0, a] of the system 
z,” f q(--x)X1 = 0, 
xi(O) = -z’(O). 
It will be observed that ai = z( -x), for 0 < x < a, and hence that 
zl(a) = 0. Clearly, zl(x) < Z(X) on an interval (0,e) for E> 0 and sufficiently 
small. Suppose there is a first point x = &‘ci (0< x1 < a) at which z, = z. 
At such apoint, wenote that z’(xl) < &(x1). We may now employ the Picone 
formula with cr = xi and c2 = a, and with P(X) replaced byq(x), q(x) by 
q(-x), x by zr , and y by x. The left-hand member of the formula is then 
positive and the right-hand member is readily seen to be equal to 
z(xi)[x’(~~) - z;(~i)], a negative number. From this contradiction we may 
infer that Z(X) > zl(x) (0 < x < a). It follows that z”(x) > zi2(x) (0< x < a), 
and, hence, that 
because of (14). 
I Q b(x) - q(x)] z’(x) dx > 0, -a 
To complete the proof of the theorem we suppose that y(x) # 0 for 
-a < 3~’ < a and employ the Picone formula gain with c1 = -a and 
c2 = a. The left-hand member of the formula is again seen to be positive. 
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The ratio z/y is finite atboth x = --a and x = a, and whether or not 
y(a) = 0, the right-hand member of the formula has the value zero. 
From this contradiction we i fer the truth of the theorem. 
The extension of the theorem to the situation when the interval of definition 
of p(x) is not symmetric nthe origin sclear. 
